We investigate resonance states in three-cluster continuum of some light nuclei 9 Be, 9 B, 10 B, 11 B and 11 C. These nuclei are considered to have a three-cluster configuration consisting of two alphaparticles and neutron, proton, deuteron, triton and nucleus 3 He. In this study, we make use two different microscopic three-cluster models. The first model employs the Hyperspherical Harmonics basis to numerate channels and describe three-cluster continuum. The second model is the wellknown complex scaling method. The nucleon-nucleon interaction is modeled by the semi-realistic Minnesota and Hasegawa-Nagata potentials. Our main aim is to find the Hoyle-analog states in these nuclei or, in other words, whether it is possible to synthesize these nuclei in a triple collision of clusters. We formulate the criteria for selecting such states and apply them to resonance states, emerged from our calculations. We found that there are resonance states obeying the formulated criteria which make possible syntheses of these nuclei in a stellar environment.
I. INTRODUCTION
We are going to search and analyze properties of the Hoyle-like states in light nuclei. It is necessary to recall that the Hoyle state is a very narrow resonance state in 12 C, which was predicted by Fred Hoyle in 1954 [1] . Three years later this state was experimentally observed by studying beta decays of 12 B in Ref. [2] . It is interesting to point out that F. Hoyle predicted the energy of the 0 + resonance state at E =0. 33 MeV above the three alpha-particles threshold, and Cook et al in Ref. [2] determined the position of the resonance state at E= 0.372±0.002MeV. One has to compare to the modern value of the energy which is E=0.3796±0.0002 MeV [3] . This resonance state created by a triple collision of three alpha-particles is the key element in syntheses of atomic nuclei starting from 12 C. The Hoyle state is a way for the nucleosynthesis of carbon in helium-burning red giant stars, which are rich of alpha-particles. Actually, F. Hoyle was the first who proclaimed that nuclear synthesis can take place in a triple collision of light nuclei, namely alpha-particles. Such processes are very difficult to be organized in laboratory, but the Nature has time and facilities to carry out such processes in the inside of * vsvasilevsky@gmail.com † kato-iku@gd6.so-net.ne.jp ‡ takibayev@gmail.com stars. One can find more interesting historical facts and scientific results about the Hoyle state in the review [4] . Two important quotations from F. Hoyle paper [1]:
1. "It was pointed out some years ago by H. Bethe [5] that effective element-building inside starts must proceed, in the absence of hydrogen, by triple collisions as a starting point:
3α → 12 C + γ."
2. "It is convenient to replace reaction (1) by α + α → 8 Be, 8 Be + α → 12 C + γ.
This is a permissible step, since the lifetime of the unstable 8 Be is appreciably longer than the time required for nuclear collision of two α particles; that is, longer than the α particle radius divided by the relative velocity".
These two equations (1) and (2) represent two different ways of excitation of the Hoyle resonance state and two different ways of syntheses of 12 C. However, in both scenarios the very narrow 0 + resonance state is the key factor in creation of the carbon 12.
There are a very large number of publications devoted to the 0 + and other resonance states in 12 C. Different methods have been used to determine parameters of the Hoyle state and to shed some light on the nature of this states and other resonances states, residing in the arXiv:1806.03423v1 [nucl-th] 9 Jun 2018 three-cluster continuum in 12 C. However, only few publications ( [6] [7] [8] [9] [10] [11] [12] [13] ) have been aimed at finding the Hoyleanalog states in light nuclei. They are mainly concentrated on closest neighbors of the 12 C nucleus, namely, 11 B, 11 C and 13 C. In Refs. [7] and [10] the structure of 1/2 + and 3/2 − states in 11 B has been investigated within the three-cluster orthogonality condition model (OCM) combined with the Gauss expansion method. In these papers, parameters of resonance states were obtained by using the complex scaling technique. By analyzing properties of wave functions, the authors of the Refs. [7, 10] came to the conclusion that the 1/2 + resonance state the parameters E = 0.75 MeV and Γ= 190 keV can be considered as the Hoyle-analog states. The antisymmetrized molecular dynamics (AMD) has been used to study the excited states of the negative parity in 11 B and 11 C in Refs. [6, 8] . It was concluded that the third excited states in 11 B and 11 C have a dilute cluster structure α + α + t and α + α+ 3 He, respectively, and can be treated as the Hoyle analog states.
In the present paper we consider these nuclei and also 9 Be, 9 B and 10 B. We also consider a large number of states with different values of the total momentum J and both of negative and positive parities. Before starting in searching for the Hoyle-analog states, one needs to formulate clear criteria for selecting such states. By analyzing properties of the Hoyle state, one may suggest the following criteria for the Hoyle analog states in three-cluster systems:
1. Very narrow resonance state, 2. Resonance state which lies close to three-cluster threshold, 3 . Resonance state which has the total orbital momentum L = 0.
We consider the first criterion as the most important as in the case of very narrow (long-lived) resonance states, and a compound system has more chances to be reconstructed and transformed in to a bound state. However, we will analyze all resonance states.
Our main aim is to find the Hoyle-analogue states in light nuclei 9 Be and 9 B, 10 B, 11 B and 11 C. In other words, we are going to study whether light nuclei can be created in triple collision of clusters. The necessary condition for such a process is the existence of a very narrow resonance state in three-cluster continuum. Actually we consider a chain of reactions
which consists of two steps. In the first step, an excited state (very narrow resonance state) of a compound nucleus is created in a triple collision of clusters consisting of A 1 , A 2 and A 3 nucleons. In the second step, the compound nucleus by emitting a photon transits from the resonance state to the bound state. The narrower is a resonance state in the first step, the more is the probability to transit from the resonance to the bound state. For each nuclei we determine energy and width of resonance states. We select a resonance state with a very small width. We also analyze the wave function of selected resonance states. These investigations will be performed within a microscopic three-cluster model which involves the hyperspherical harmonics to distinguish channels of the three-cluster system. For this model, which was formulated in Ref. [14] , we use the abbreviation AMHHB which means the algebraic model of scattering making use of the hyperspherical harmonics basis. In Ref. [15] this model has been applied to study bound and resonance states in 12 C. It fairly good reproduced the energy and width of the Hoyle state in 12 C. And it was demonstrated that this model is in good agreement with other alternative models, for instance, the complex scaling method. Note that the most effective methods among others, which are used to study resonance states in threecluster and many-channel systems, are the Complex Scaling Method and Hyperspherical Harmonics Method
We present results obtained with both methods. The AMHHB method, which employs hyperspherical harmonics to numerate channels of three-cluster continuum, allows us to determine energy and width of a resonance state, reveals the dominant decay channels, and sheds more light on the nature of the resonance state by analyzing its wave functions. This model correctly treats the Pauli principle and makes uses of the semirealistic nucleon-nucleon potential. The complex scaling method (CSM), which also uses this type of the nucleonnucleon interaction, is more advance and model independent method to determine the poles of the S-matrix in two-and three-cluster systems. Note that both methods give very close results for narrow resonance states and different resonance parameters for wide resonance states.
The preliminary analysis of three-cluster resonance states in 9 B and 9 B has been carried out in Ref. [16] , and resonance states have been investigated in the mirror nuclei 11 B and 11 C in Ref. [17] . In Ref. [18] the AMHHB model was applied to study the spectrum of bound states in 10 B. To make a systematic analysis of resonance states and to discover the Hoyle analog state in 9 Be, 9 B, 10 B, 11 B and 11 C we have to make additional calculations and thorough investigations of peculiarities of resonance wave functions.
The present paper is organized in the following way. In Sec. II we shortly explain the main idea of the microscopic method which involves the hyperspherical harmonics for description of bound and scattering states of a three-cluster system. Results of numerical calculations and discussions of the results obtained are presented in Sec. III. We start with the reexamination of properties of the Hoyle state. We also consider other resonance states in 12 C to display similarities and differences between them. This is done within the AMHHB and CSM in order to formulate more clear criteria for selecting the Hoyle-analog states. And then we proceed with analysis of resonance states in three-cluster continuum of nuclei 9 Be, 9 B, 10 B, 11 B and 11 C. By applying the formulated criteria, we select the Hoyle-analog states and describe their properties. Sect. IV present a summary of our investigations.
II. METHOD
A. Three-cluster wave function
To study three-cluster systems we exploit a microscopic model which incorporates the Resonating Group Method, the J-matrix Method or the algebraic version of the Resonating Group Method (RGM) and the Hyperspherical Harmonics Method. Details of the model and its application to study of bound and continuous spectrum states of light nuclei can be found in Refs. [14, 15, 17, [19] [20] [21] and [22] .
The standard ansatz of the RGM for representing the wave function of a three-s-cluster system is used
where the wave function ψ E,LJ (x, y) describes relative motion of clusters and the antisymmetric functions Φ ν (A ν ) (ν=1, 2, 3) describes internal motion of nucleons inside the cluster with index ν. Two vectors x and y denote one of the possible sets of the Jacobi vectors. Within this paper, the vector x determines distance between two selected clusters, while the vector y represents displacement of the third cluster with respect to the center of mass of two selected clusters. The antisymmetrization operator A provides full antisymmetrization of the wave function of a compound system. By assuming A = 1 and the orthogonality condition to the Paul-forbidden states, one transits to the OCM. It is very convenient to use the LS coupling scheme for three interacting s-clusters. In this scheme, the total spin S is a vector sum of individual spins of clusters, and the total orbital momentum L is also a vector sum of the partial orbital momenta l x and l y , associated with the Jacobi vectors x and y, respectively. The total angular momentum J is a vector sum of the total orbital momentum L and the total spin S.
To simplify of obtaining wave functions of discrete and continuous spectrum states and scattering parameters, we transit from the Jacobi vectors x and y to the hyperspherical coordinates which consist of hyperradius ρ and five hyperspherical angles which we denote as Ω 5 . The hyperradius ρ is defined in unambiguous way
while there are several different ways for definition of the hyperspherical angles (see for instance, [23] [24] [25] ). We make use the most popular set of hyperspherical angles which was suggested by Zernike and Brinkman in 1935 [26] . This set consists of the hyperspherical angle θ which determines relative lengths of the Jacobi vectors
two angles θ x and φ x , determining orientation of vector x, and two other angles θ y and φ y , determining orientation of vector y in the space. Note, that the angles {θ x , φ x } describe rotation of a two-cluster subsystem and the angles {θ y , φ y } describe rotation of the third cluster around center of mass of the two-cluster subsystem. Five hyperspherical angles are able to describe any shape and any orientation (i.e. rotation) of a triangle connecting centers of mass of three clusters, and hyperradius determines any size of that triangle.
Having introduced the hyperspherical coordinate, we can represent the three-cluster wave function (3) in the following form
where c is a multiple index c = {K; λ, l; L, S} classifying channels of the three-cluster system and involving the hypermomentum K, partial orbital momenta λ and l associated with the Jacobi vectors x and y, respectively, and the total orbital momentum L. The hyperspherical harmonics Y c (Ω 5 ) form a complete set of functions on five-dimension sphere and thus account for all kinds of motion of a three-cluster system. Components of the many-channel hyperradial wave function {ψ E,c (ρ)} have to be determined by solving the Schrödinger equation with the selected nucleon-nucleon potential.
B. Three-cluster equation
For three structureless particles one obtains the infinite set of differential equations
where
Matrix V c, c (ρ) of the effective potential energy is determined as matrix elements of interaction V between the hyperspherical harmonics
where integration is performed over all hyperspherical angles Ω 5 . If particles have electric charges, than we have the following contribution
from the Coulomb interaction to the potential energy V c, c (ρ) (9) . The quantity Z c, c can be called the effective charge. Assuming that at a large values of hyperradius the effective potential V c, c (ρ) originated from a short range particle-particle interaction is negligibly small, and omitting non-diagonal elements of the effective charge (that is putting Z c, c = 0 for c = c), we obtain an asymptotic part of the channel Hamiltonian
(11) Eigenfunctions of this Hamiltonian describing incoming and outgoing hyperradial waves can be easily found and expressed through the Whittaker functions (see chapter 13.1 in Ref. [27] )
and η c is the Sommerfeld parameter for the three-cluster system
Thus, the boundary conditions or the asymptotic form of many-channel wave functions can be expressed in the form
where c 0 stands for an incoming channel, S c0,c is an element of the scattering S-matrix. For three-cluster systems, when the internal structure of clusters and the Pauli principle are taking into account, we obtain the set of integro-differential equations:
This system of equations can be obtained from the many-particle Schrödinger equations with the help of the projection operator
Applying this operator to the unit operator, we obtain the norm kernel N c, c (ρ, ρ)
In this expression integration is performed over all spacial coordinates (the Jacobi vectors) and over all spin and isospin coordinates as well. The matrix of the potential energy is related to matrix elements of the microscopic Hamiltonian H by the relation
The system of Eq. (13) can be directly solved by reducing to the reasonable finite number of involved threecluster channels N c and with the boundary conditions determined above. Solutions of the systems yields us the definite set of matrix elements of the S matrix. They describe all kinds of elastic and inelastic processes in a three-cluster system. Note that the operator (14) is a straightforward generation of the projection operator which has been used for two-cluster systems (see Ref. [28] ). In three-cluster systems, we can easily perform this operation though we do not explain the details here.
Within the present model a wave function (3) of a three-cluster system is expanded over an infinite set of cluster oscillator functions |n ρ , c
is a hyperspherical harmonic with the quantum numbers c = {K, l x , l y , L} and R nρ,K (ρ, b) is an oscillator function
, and b is an oscillator length. In this case, a set of the integro-differential equations is reduced to a set of the algebraic (matrix) equations nρ, c n ρ , c H n ρ , c − E n ρ , c| n ρ , c C E,J nρ, c = 0, (19) which can be more easily solved by the numerical methods than the set of equations (13) . For continuous spectrum states one has to impose proper boundary conditions for expansion coefficients C E,J nρ,c . These conditions have been discussed in Ref. [14] where relations between the discrete C E,J nρ,c and continuous {ψ E,c (ρ)} wave functions were established. By including the asymptotic form of expansion coefficients C E,J nρ,c , which is valid for large values of hyperradial excitations n ρ 1, we obtain in a closed form the system of equations determining both wave functions of a continuous spectrum and the corresponding S matrix.
C. Supplementary quantities
Having obtained the expansion coefficients for any state of the three-cluster continuum, we can easily construct its wave function in the coordinate space. It can be done, the first of all, for the total hyperradial wave function
It can be also done for the wave function
To get more information about the state under consideration we will study different quantities which can be obtained with the wave function in discrete or coordinate spaces. With wave functions in the discrete oscillator quantum number representation we can determine a weight W sh of the oscillator function belonging to the oscillator shell N sh in this wave function:
where the summation is performed over all hyperspherical harmonics and hyperradial excitations obeying the following condition:
Here N os is fixed. Basis wave functions (18) belongs to the oscillator shell with the number of oscillator quanta N os = 2n ρ +K. It is convenient to numerate the oscillator shells by N sh ( = 0, 1, 2, . . . ), which we determine as
where K min = L for normal parity states π = (−1) L and K min = L + 1 for abnormal parity states π = (−1) L+1 . Thus we account oscillator shells starting from a "vacuum" shell (N sh = 0) with minimal value of the hypermomentum K min compatible with a given total orbital momentum L.
The weights W sh we will calculate both for bound and resonance states. For a bound state, the wave function is normalized by the condition
and this quantity W sh determines the probability. For the continuous spectrum state, when the wave function is normalized by the condition
this quantity has a different meaning. It determines the relative contribution of the different oscillator shells and also the shape of the resonance wave function in the oscillator representation.
It is worthwhile to notice that oscillator functions have some important features. Oscillator functions belonging to an oscillator shell N sh allow one to describe a many-particle system in a finite range of hyperradius 0 < ρ ≤ b √ 4N sh + K min + 3. Outside this region, these oscillator functions give a negligible small contribution to many-particle wave function. This statement is, for example, demonstrated in Ref. [29] . Thus, oscillator functions with a small value of N sh describe very compact configurations of a three-cluster system with all clusters being close to each other. When N sh is large, the oscillator functions represent a dispersed (dilute) configurations. There are two principal regimes in these configurations. The first regime is associated with a two-body type of asymptotic when two clusters are at a small distance and the third cluster is moved far away. The second regime accounts for the case when all three clusters are well separated. Taking these into account, we will deduce from an analysis of shell weights W sh whether a wave function of a bound or resonance state describes a compact or dispersed three-cluster configuration.
By employing the wave function in the coordinate space we determine the correlation function
and average distances R 1 and R 2 between clusters
In our notations, R 2 determines an average distance between alpha-particles, while R 1 determines a distance of the third cluster to the center of mass of two alpha particles. Note that in Eq. (25) integration is performed over unit vectors x and y, while in Eqs. (26) and (27) integration is carried out over all Jacobi vectors or all hyperspherical coordinates. It is obvious, that the correlation function D (x, y) can be determined both for bound and resonance states. However, the average distances R 1 and R 2 can be calculated for the bound state only, since for resonance states integrals in Eqs. (26) and (27) diverge. In Ref. [16] we suggested to extent to resonance states the definition of average distances R 1 and R 2 . For this aim we restricted the integration within the internal part of the resonance wave functions which was normalized to unity. Recall that the internal part of a wave function is represented in the region (0≤ ρ ≤ ρ max in the coordinate space or 0≤ n ρ ≤ N (i) in the oscillator space) where distances between clusters are relatively small and effects intercluster interactions are very strong. Such the definition of R 1 and R 2 allows us to study the shape of the triangle, composed by three interacting clusters, but not its size. By comparing average distances R 1 and R 2 for different resonances of the same or other nucleus, we obtain more information on the structure of the resonance wave functions.
It is important to note, that the oscillator basis (17) can be used to determine parameters of resonance states within the methodology of the complex scaling method. It will be demonstrated in other paper. However, it is more expedient to use the Gaussian basis in the sixdimension space to perform such a type of calculations, as this basis provides more rapid convergence of results than the oscillator basis.
III. RESULTS AND DISCUSSIONS.
For all nuclei under consideration we employ the Minnesota potential ( [30, 31] ) (MP) or the modified Hasegawa-Nagata potential [32, 33] (MHNP). Both the central and spin-orbital components of these potentials are taken into account.
In such a type of calculations we have only one free parameter to be selected. This is the oscillator length b which is common for all clusters of a compound nucleus and effectively determines the spatial distribution of nucleons in clusters. In our calculations the oscillator length b is fixed by minimizing the energy of the three-cluster threshold. For 9 Be, 9 B and 12 C, the oscillator length b minimizes the energy of an alpha-particle.
The Majorana parameter m of the MHNP and the exchange parameter u of the MP are very often used as an adjustable parameter. If one adjusts these parameters to reproduce phase shifts of the α − α scattering and parameters of resonance states in 8 Be, one obtains the overbound the 0 + and 2 + states in 12 C, and also the 4 + bound state which contradicts to the experimental data. This problem was discussed in Ref. [15] where the MP was used to calculate spectrum of bound and resonance states in 12 C. Such a problem also appears for all nuclei under considerations. This problem has been discussed in Refs. [16, 22] where spectra of 9 B and 9 Be were investigated. To avoid appearance unphysical bound states, we adjust parameters m and u to reproduce the energy of the ground state measured from the three-cluster threshold. For mirror nuclei 9 Be and 9 B, 11 B and 11 C, we adjust these parameters only for one nucleus of these pairs; for 9 B and 11 B. This is done in order to study effects of the Coulomb interaction on parameters of bound and resonance states. In Table I we collected input parameters for each nucleus. We also demonstrate the energy (E R ) and One can see that by selecting the optimal values of the parameters u and m of nucleon-nucleon interaction, we make very broad the 0 + resonance state in 8 Be. Having determined the oscillator length b and the parameter of the nucleon-nucleon forces, we have to select a part of the total Hilbert space which takes part in construction of the wave function of three-cluster continuous states. This part is restricted by the number of the threecluster channels c and the number of hyperradial excitations or, in other words, the maximal number of oscillator shell. In all our calculations we use a standard set of the hyperspherical harmonics and hyperradial excitations. Positive parity states are calculated with the hyperspherical harmonics K min ≤ K ≤ K max . where K max = 14 for the positive parity states and K max = 13 for the negative parity states. The minimal value of the hypermomentum K min equals the total orbital momentum L for normal parity states π = (−1)
L and K min = L + 1 for the non-normal parity states. The total number of channels N ch depends on the total angular momentum J, the possible values of the total orbital moment L and symmetry properties of a three-cluster system. To achieve the asymptotic region and to provide sufficient precision of our calculations we take into account the hyperradial excitation up to 70. This value of hyperradial excitations and the number of the hyperspherical channels cover a large range of intercluster distances and different shapes of the three-cluster triangle.
In this paper we will not discuss the dependence of parameters of resonance states on K max and N ch , and the convergence of the obtained results, as they were addressed in Refs. [15] [16] [17] [18] 22] .
Within our models, the total spin S of odd nuclei 9 Be, 9 B, 11 B and 11 C equals 1/2, thus the two following values of the total orbital momentum are involved in calculations:
The total spin S of the odd-odd nucleus 10 B equals one, therefore bound and resonance states of the nucleus are constructed by three values of the total orbital momen- tum
An interesting feature of description of the 10 B within the hyperspherical harmonics is that it includes almost two times more hyperspherical channels c than in nuclei 9 Be, 9 B, 11 B and 11 C. Note that the coupling of states with different values of the total orbital momentum L is totally determined by the spin-orbital interaction of nucleons.
A.
12 C: Hoyle state
In this section we are going to reexamine some results obtained in previous papers concentrating our much interest to properties of the Hoyle state in 12 C. In Table II we compare parameters of resonance states obtained within AMHHB [15] and CSM [34] . There is some consistencies in these two different methods of obtaining resonance states in the three-cluster continuum. Energy and total width of the first 0 + resonance state (the Hoyle state) are very close in both methods. The same is observed for other narrow 1 − resonance states in 12 C.
In Fig. 1 we display the structure of the wave function of the Hoyle state. As we see the weights of oscillator shells have very large amplitudes and main contribution to the wave function in the internal region comes from the oscillator shells 0 ≤ N sh ≤ 30. In the asymptotic region this function has an oscillatory behavior with much smaller amplitude. We consider such a behavior of a resonance wave function as a 'standard' or pattern for the Hoyle amplitudes of the oscillator shells 0 ≤ N sh ≤ 30. Contrary to this case, the wave function of the second resonance 0 + state has rather small amplitudes of the lowest oscillator shells. It is naturally to assume that the 1 − resonance state is the Hoyle-analog state in 12 C. We will use the standard behavior of the wave function of the Hoyle state, displayed in Fig. 1 , as the additional criterion for selecting the Hoyle-analog states.
In Fig. 3 we compare the resonance wave function with the wave function of the pseudo-bound state, which was calculated in the bond state approximation with N max = 70. Both states have approximately the same energy; the energy of the resonance state is 0.536 MeV, while the pseudo-bound state has the energy 0.529 MeV.
It is worthwhile noticing that approximately such a structure of the Hoyle state wave function has been obtained within the Complex Scaling method in Ref. [35] and within the Fermion Molecular Dynamics in Ref. [36] .
We determined the shape of the triangle comprised of three alpha-particles in bound and resonance states. The average distances between clusters are displayed in Table  III .
The shape and size of triangles for the ground and the first 0 + resonance states are consistent with the corresponding density distributions displayed in Figs. 8 and 9 of Ref. [15] . It is interesting to note that the shape of res- onance states, shown in Table III , is almost independent on the energy and total width of the resonance state, and the structure of resonance wave functions shown in Figs.  1 and 2 . The main conclusion one may deduce from Table  III is that the average distances between alpha-particles are rather large. The ground state of 12 C is shows a compact three-cluster configuration, as it is expected. Having reanalyzed properties of the Hoyle state and other resonance states in 12 C, we suggest the following criteria for the Hoyle-analog states:
• the Hoyle-analog state is a very narrow resonance state in the three-cluster continuum;
• wave function of the Hoyle-analog state has large values of amplitudes W sh in the internal region.
As we pointed out above, we consider the first criterion is the most important one. We believe that the more long-lived resonance state has more chances that the system transits from a resonance state into a bound states, and vise versa. It is well-known that a resonance state could substantially increase a cross section of a processes if the total width of this resonance state is very small. To quantify the "narrowness" of a resonance state we will calculate the ratio Γ/E. For the original Hoyle state this ratio is 2.24 × 10 −7 . Such a type of resonance states are also called as the quasistationary states. As additional and important criterion we will use a behavior of the weights W sh of oscillator shells in the wave function of the resonance state.
Considering candidates of the Hoyle-analog states, we are also going to check other criteria formulated in Introduction.
B.
9 Be and 9 B
As was pointed out above, spectra of resonance states in 9 Be and 9 B have been investigated within the present model in Refs. [22] and [16] . In Ref. [16] we have discovered several resonance states which can be considered as the Hoyle-analog states. For completeness of the explanation we shortly present the main results relevant to the subject of the present paper.
Energies and widths of the resonance states in 9 Be and 9 B presented in Ref. [16] were obtained with the modified version of the Hasegawa-Nagata potential, which is often used in numerous calculations of two-and three-cluster structures of light nuclei. It was shown that our threecluster model with such the potential reproduces fairly good spectra of resonance states in both nuclei. It was also demonstrated that the Hasegawa-Nagata potential provides a more adequate description of resonance states in 9 Be and 9 B, than the Minnesota potential (see detail in Ref. [22] ).
In Table IV we collect energies and widths of resonance states in 9 Be and 9 B. There is only one very narrow resonance state in each nucleus. This is the 5/2 − resonance state in 9 Be and the 3/2 − resonance state in 9 B which is the "ground state" of the nucleus. We considered these resonance states as candidates to the Hoyle-analog states. We also added the 1/2 + resonance state to that list of resonance states, as they lie close to the three-cluster threshold. Other resonance states in 9 Be and 9 B have a large total width and they were disregarded.
In Fig. 4 we display the structure of wave functions of the 5/2 − resonance states in 9 Be and 9 B. The total width of the 5/2 − resonance states in 9 Be is 24 eV and amplitudes of the dominant shell weights W sh are of 10 5 order of magnitude. The same resonance state in 9 B is wider (Γ=18 keV) and thus amplitudes of the dominant shell weights W sh are less than 1000. As one can see that the oscillator shells with 0 ≤ N sh < 20 give the main contribution to the wave functions of the 5/2 − resonance states. In Fig. 4 we also display W sh in a logarithmic scale to demonstrate their behavior in the internal region. Within the internal region, wave functions are decreasing exponentially like wave functions of bound states. Such a behavior of wave functions of the 5/2 − resonance states in 9 Be and 9 B allows us to consider these resonance states as the Hoyle-analog states.
In Ref. [16] we have also considered the 1/2 + resonance states in 9 Be and 9 B as possible candidates to the Hoyle-analog states. These resonances lie very close to the three-cluster threshold, however, the 1/2 + resonance states are rather wide resonances and their wave functions both in coordinate and oscillator representations indicate a very dispersed a three-cluster configuration (see wave functions in coordinate space in Fig. 5 ). The later is also confirmed by the average distances R 1 and
We also analyze all resonance states in 9 Be in order to find the Hoyle-analog state. We suggested that the 5/2 − resonance state can be considered as the Hoyleanalogue state as this is a very narrow resonance state. It lives long enough and may transform to the 3/2 − ground state of 9 Be by emitting the quadrupole gamma quanta. This reaction, which involves the triple collision of two alpha particles and neutron and a subsequent radiation of gamma quanta, can be considered as an additional way for the synthesis of the 9 Be nuclei.
It was shown in Ref. [16] that such a behavior of the wave function (Fig. 5) is typical for a low-ling resonance state with a relatively large value of the total width. 
C.
11 B and 11 C.
Now we consider the spectra of resonance states in 11 B and 11 C. In Table V we display the energy and width of resonance states in the three-cluster α + α + t continuum of 11 B, which were calculated in Ref. [17] . In a small range of energies 0 < E < 3 MeV we observed 26 resonance states. The large part of these resonances are narrow resonance states with the total width less than 50 keV. The similar picture is observed in 11 C. The energy and width of positive-and negative-parity states are shown in Table VI . Details of these calculations can be found in Ref. [17] .
TABLE VI. The spectrum of positive-and negative-parity resonance states in 11 C. Energy is in MeV and measured from three-cluster α + α+ 3 He threshold. By using the criteria for selecting the candidate to the Hoyle-analog states, formulated above, we selected four resonance states in 11 B and four resonance states in 11 C. In Table VII we display the properties of the selected resonance states in 11 B and 11 C, and compare them with some bound states. We did not include the 1/2 + resonance state in 11 C as it has a relatively large total width. Table VII , we see that the most narrow 5/2 − resonance states in 11 C has the most compact configuration of three clusters. Contrary to this resonance state, the narrowest 5/2 − resonance states at E=0.583 MeV in 11 B, the total width of which is five time larger than the width of the 5/2 − resonance states in 11 C, has rather dispersed structure with the average distance between alpha particles equals to 7.2 fm.
It is interesting to note that the Coulomb interaction makes the 5/2 − resonance state in 11 C more narrower than that in 11 B. As one may expect, it also increase the energy of the resonance in 11 C comparing to its position in 11 We do not show wave functions of the 1/2 + resonance states in 11 B and 11 C here as they are very similar to the wave functions of these resonance states in 9 Be and 9 B. Moreover, the shape of three-cluster triangles in those pairs of nuclei is also similar.
As we pointed out in Introduction, there are few publications which devoted to the Hoyle-analog states in 11 B and 11 C. In Refs. [6] and [8] , the spectra of 11 B and 11 C have been obtained within the antisymmetrized molecular dynamics (AMD). The excited states have been treated as bound states, it mean that the widths and energies of these states with respect to the three-cluster thresholds were not determined. By analyzing the probability of electromagnetic transitions, authors came to the conclusion that the 3/2 − excited states have a dilute cluster structure α + α + t and α + α+ 3 He, and thus can be considered as the Hoyle-analog states. It was also claimed by the authors, that the 5/2 − states have no a well-developed cluster structure and therefore cannot be considered as the Hoyle-analog states.
In Refs. [7] and [10] resonance states in two-and threebody continuum of 11 B and 11 C have been determined with the complex scaling method. The 3/2 − resonance state is located bellow the α + α + t threshold has a compact cluster configuration, as was shown by the authors of Refs. [7, 10] , and therefore was not considered as a candidate to the Hoyle-analog states. The wave function of the 1/2 + resonance state which has "the gaslike structure with a large nuclear radius", as stressed by the authors, and thus can be considered as the Hoyleanalog state. It is interesting to note that the parameters (E=0.75 MeV, Γ=190 keV) of the 1/2 + resonance state, determined in Refs. [7, 10] , are rather different to those (E=0.44 MeV, Γ=15 keV) displayed in the present paper. This difference can be ascribed to the different types of nucleon-nucleon potentials involved in these two calculations. The 1/2 + resonance state, obtained in our calculations, has also a large nuclear radius, however is not considered as the Hoyle-analog state in our criterion.
D.
10 B
In Table VIII we show the three-cluster resonance states in 10 B calculated with the MP. Details of these calculations can be found in Ref. [18] , where the spectrum of bound states of 10 B has been discussed. Here, we use the same input parameters to calculate spectrum of resonance states in the three-cluster α + α + d continuum. As we can see in Table VIII , there are a few narrow resonance states which can be considered as the Hoyle-analog states. Three resonance states have the total width less than 12 keV and the ratio Γ/E does not exceed 11.5×10 −3 . In Table VIII we also show the average distances between interacting clusters. It is necessary to recall that R 2 stands for the distance between two alpha-particles, and R 1 denotes the distance between the deuteron and the center of mass of two alpha-particles. It is interesting to compare the average distance between clusters for resonance states with those for the bound states. For the ground 3 + state we have obtained R 1 =2.60 fm and R 2 = 3.10 fm. This is a compact configuration despite that the binding energy is -5.95 MeV, accounted from the threecluster threshold α + α + d, is not very small. The first excited 3 + state is a weakly bound state as its energy is -0.95 MeV, however it is also a rather compact configuration with the average distances R 1 = 4.07 and R 1 = 5.35 fm. As we see in Table VIII , all resonance states selected as the candidates to the Hoyle-analog states have a dispersed configuration with a large distance between alpha particles.
Let us turn our attention to the wave functions of the selected resonance states. In Fig. 10 we display shell weights in wave functions of the narrow 3 + and 1 + resonance states in 10 B. These resonance state have the smallest total width among all resonances in 10 B. One notices, that the compact three-cluster configuration (N sh =0) has a relatively large contribution to these wave functions. The shapes of the curves are similar to the shape of the Hoyle state (Fig. 1) We assume that the interplay of the attractive potential, created by the central and spin-orbital parts of the nucleon-nucleon interaction, and repulsive potential, formed by the Coulomb interaction, does not create a favorable situation for very narrow resonance states in 10 Be.
IV. CONCLUSION
We have performed a systematic investigation of the three-cluster resonance states in light nuclei 9 Be, 9 B, 10 B, 11 B, 11 C and 12 C. These nuclei have been considered to have a three-cluster structure composed of two alpha particles and an s-shell nucleus. A microscopic three-cluster model was applied to search and to study resonance states embedded in the three-cluster continuum. This model imposes proper boundary conditions by Among these resonances, we have found the Hoyle-analog states in these nuclei. The Hoyle-analog states are created by a collision of two alpha-particles and a neutron, proton, triton and nucleus 3 He. These resonance states have very small width. We discussed an alternative way for the synthesis of light nuclei in a triple collision, in the same manner as was suggest by F. Hoyle for 12 C. We found several resonance states having the total width of a few eV. Most of the obtained resonance states have the width of few dozens of keV.
In Table IX we collect the parameters of the Hoyleanalog states in light nuclei under consideration. Results presented in this Table allow us to formulate the new criteria for selecting the Hoyle-analog states. A threecluster resonance state can be treated as the Hoyle-analog state if the ratio E/Γ < 2×10 −3 for this resonance state. Figure 11 visualizes the results presented in Table IX . This figure explicitly demonstrates effects of the Coulomb interaction on the energy of three-cluster resonance states in mirror nuclei 9 Be and 9 B and 11 B and 11 C. One can see that the Coulomb interaction has a more stronger impact on the position of the 5/2 − resonance states in 9 Be and 9 B than on the position of the 3/2 − , 5/2 − and 5/2 + resonance states in 11 B and 11 C. In Table X we collect all resonance states for the total momentum J and positive parity, where the zero value of the total orbital momentum (L = 0) is dominant. This is the case for 9 Be, 9 B, 11 B and 11 C. The continuous spectrum states with L = 0 can be interpreted as a headon collision of the third cluster with the 8 Be nucleus being in the 0 + state. As one can see, all these resonance states lie rather close to the three-cluster threshold and they are fairly wide, as the total widths are Γ=15 keV and more. Therefor they cannot be considered as the Hoyle-analog states.
Figures 12, 13 and 14 of average distances R 1 and R 2 demonstrate the most probable shapes of triangles of three-cluster resonance states in 9 Be, 11 B and 11 C, respectively. In all these Figures we also show the triangle comprised by three alpha-particles in the Hoyle resonance 11 B and 11 C has very large triangles where a neutron, triton and 3 He nucleus are far away from two alpha-particles. The Hoyle-analog states in these nuclei have a triangle comparable with the shape of the Hoyle-state and in some cases (for example, for J π = 5/2 − ) they are more compact. Figure 15 demonstrates the shape of triangles for resonance states in 10 B. They are the narrowest resonance states, however the amplitudes of W sh , as was shown above, are fairly small and the ratios E/Γ for these states are large. They don't match our criteria for the Hoyleanalog states. As we see, the distance between alphaparticles is greater than this distance in the 0 + resonance state in 12 C and all other nuclei considered in the present paper. To this end, the 1/2 + resonance states in 9 Be, 9 B, 11 B and 11 C which are considered as candidates to the Hoyle states and did not match our criteria, have the average distance between two alpha-particles comparable with the Hoyle state, meanwhile the average distance of the third cluster (neutron, proton, triton and 3 He, respectively) to the center of mass of two alpha particles is very large. 
